Abstract. We characterize groups in which every abelian subgroup has finite index in its characteristic closure. In a group with this property every subgroup H has finite index in its characteristic closure and there is an upper bound for this index over all subgroups H of G. For every prime p we construct groups G with this property that are infinite nilpotent p-groups of class 2 and exponent p 2 in which G 0 ¼ ZðGÞ is finite and Aut G acts trivially on G=G 0 . We also characterize abelian groups with the dual property that every subgroup has finite index over its characteristic core.
Abstract. We characterize groups in which every abelian subgroup has finite index in its characteristic closure. In a group with this property every subgroup H has finite index in its characteristic closure and there is an upper bound for this index over all subgroups H of G. For every prime p we construct groups G with this property that are infinite nilpotent p-groups of class 2 and exponent p 2 in which G 0 ¼ ZðGÞ is finite and Aut G acts trivially on G=G 0 . We also characterize abelian groups with the dual property that every subgroup has finite index over its characteristic core.
In 1955, in his paper [5] , B. H. Neumann began a systematic study of finiteness conditions in group theory defined by restrictions on the conjugacy classes of subgroups. Among other results he proved that every subgroup H of a group G has finite index in its normal closure H G if and only if G 0 is finite; as Tomkinson pointed out in [10] the same conclusion may be drawn if the finiteness of jH G : Hj is required only for abelian subgroups. Several results of a similar nature, and many generalizations, have appeared in the literature. A dual condition was considered in [1] : a group G is called core-finite (or CF ) if H=H G is finite for all H c G; as usual H G denotes the normal core of H in G. The class of CF -groups is rather more elusive than the class considered by Neumann. In fact the existence of many infinite groups all of whose proper subgroups are finite, like Tarski groups, makes clear that a simple description of CF -groups is out of range. Nonetheless, it was proved that CF -groups are abelianby-finite under rather general hypotheses: for instance if they have no periodic quotient which is not locally finite (see [8] ).
Here we shall consider another variation along the same lines. Instead of considering normal closures and cores of subgroups we deal with characteristic closures and cores. In other words, we deal with properties related to orbits under the action of the full automorphism group Aut G of a group G on subgroups, rather than (G-)conjugacy classes. This can be compared, for instance, to [4] , [7] , where groups G with finite ðAut GÞ-orbits of subgroups are studied.
For every subgroup H of the group G let H a and H [ be the characteristic closure and the characteristic core of H in G, respectively, that is: H a is the smallest characteristic subgroup of G containing H and H [ is the largest characteristic subgroup of G contained in H. The absence of a reference to G in this notation will never cause ambiguity in what follows. We say that G has the property P a (respectively P
) if jH a : Hj (respectively jH : H [ j) is finite for every subgroup H of G. We define the property P a a by weakening the condition and requiring only that jH a : Hj is finite for all abelian subgroups H of G. We will also say that G satisfies P a (respectively P [ ) boundedly if there is a (finite) upper bound for jH a : Hj (respectively jH : H [ j), where H ranges over all subgroups of G.
It is clear that P a a -groups have the property considered by B. H. Neumann and Tomkinson, hence they are finite-by-abelian, while P [ -groups are core-finite, hence they are abelian-by-finite under suitable hypotheses. However, even in these classes it is not immediately obvious how to set apart groups which are P a or P [ from the others. For instance, the well-known examples of complicated abelian torsion-free groups in which the inversion map is the only non-trivial automorphism and so all subgroups are characteristic suggest that there is no hope of obtaining a completely explicit description of the groups in these classes. We shall classify abelian groups in P a or in P [ up to the description of the just-mentioned torsion-free groups (see Theorems 2.2 and 2.6). It turns out that the two properties are equivalent for periodic abelian groups, but in the non-periodic case P
[ is a stronger property than P a . Another consequence of these results is that every abelian group satisfying either of the two properties satisfies it boundedly.
It is worth remarking that, unlike what happens in the abelian case, non-abelian P [ -groups need not satisfy P a . Indeed, if G ¼ U z hxi, where jAut Uj ¼ 2 and U is infinite, x has order 2 and u x ¼ u À1 for all u A U (for instance, G might be the infi-
Apart from this observation, we shall not here carry on the study of P [ -groups to the non-abelian case, but we extend the results on abelian P a -groups to arbitrary groups. We shall prove the following:
Theorem. For a group G the following are equivalent properties:
The proof will follow from a characterization of P a a -groups, which is split into Theorems 4.5 and 4.9. A remarkable feature is the following. In the case of the property considered by Neumann and Tomkinson, the fact that in a group G such that jH G : Hj is finite for all H c G these indices are boundedly finite follows from the existence of a finite subgroup (namely G 0 ) such that all subgroups containing it are normal-in this sense we can say that the only groups satisfying the property are those satisfying it trivially. The case of property P a is di¤erent in that there exist P a -groups G in which no finite subgroup plays a role corresponding to that of G 0 , since every finite subgroup is contained in a non-characteristic one. It is noteworthy that there is nonetheless an upper bound for the indices considered.
Some interesting examples of periodic P a -groups are those constructed in Theorem 3.1: they are nilpotent p-groups G of class 2 and exponent p 2 (with p an arbitrary prime) such that G 0 ¼ ZðGÞ is finite and ½G; Aut G c G 0 ; that is, the only automorphisms of G are the central ones and Aut G is canonically isomorphic to HomðG=G 0 ; G 0 Þ. Thus all subgroups of G containing G 0 are characteristic, so that G satisfies P a (boundedly) trivially, in the sense of the previous paragraph. Besides what has been introduced in the previous paragraphs, notation is standard. Note that pðGÞ is the set of all primes p such that the group G has an element of order p, and that 'H char G' means that H is a characteristic subgroup of G.
1 Some preliminary lemmas Lemma 1.1. Let G be a group with a direct product Dr i A I H i as a subgroup, such that either (a) G satisfies P a a and for all i A I the subgroup H i is a direct factor of G, or
[ and is abelian-by-finite, and for all finite subsets F of I the subgroup
Then, for all but finitely many i A I , every subgroup of H i is characteristic in H i .
Proof. Let J be the set of all i A I such that H i has a cyclic subgroup K i which is not characteristic in H i , and therefore not in G, because H i is a direct factor of G. Let
Kj d jJj and J is finite if (a) holds. Now suppose that (b) holds. Since G is abelian-by-finite all but finitely many of the subgroups H i are abelian, hence we may assume that hH i j i A I i is abelian. Let n ¼ jK=K [ j and suppose that J is infinite. Let F be an n-element subset of J, so that H :¼ Dr i A F H i is a direct factor of G and G has an automorphism a such that
This contradiction shows that J must be finite. r
We recall from the introduction that the hypothesis that G be abelian-by-finite is much weaker than it appears at first sight, since groups in P
[ are core-finite and then they are abelian-by-finite under very general hypotheses. The conclusion of the previous lemma prompts the following remark. It is certainly well known and we include it only for the sake of further reference. Lemma 1.2. Let G be a group in which all subgroups are characteristic. Then G is abelian and its torsion subgroup is locally cyclic.
Proof. That G is abelian is obvious, since hamiltonian groups have non-characteristic subgroups. If P is a primary component of T ¼ tor G such that rk P > 1 then it is possible to decompose G as U Â V Â W where U; V c P and rkðUÞ ¼ rkðV Þ ¼ 1; the fact that at least one of HomðU; V Þ and HomðV ; UÞ is non-zero makes it impossible that both U and V are characteristic in G. 4 . Let G be a group and suppose that F is a torsion-free characteristic subgroup of G. For every odd integer n, if ZðGÞ has an element of order n then F c G 0 G n .
Proof. It will be enough to show that F is contained in every normal subgroup N of G such that G=N is cyclic of prime-power odd order and ZðGÞ has an element x of the same order jG=Nj. Fix such N and x, and let y A G be such that G ¼ Nh yi. We shall construct an automorphism a of G that centralizes N and is such that 1 0 ½g; a A hxi for every g A GnN. It will follow that the characteristic closure of every subgroup of G not contained in N contains some non-trivial torsion elements, hence F c N.
and we can define a by letting x a ¼ x À1 (and ½N; a ¼ 1). Otherwise, Nhxi < G. Let e be the endomorphism of G defined by y e ¼ x and N e ¼ 1, and let a ¼ 1 þ e. Now a induces the identity on N and an automorphism on G=N (because Nhxi < G), hence a A Aut G. Thus a satisfies the required properties, and this completes the proof. r If n is even the proof breaks down in the case when G ¼ Nhxi, because the automorphism a constructed in the proof centralizes the subgroup of hxi of order 2 in this case. This is a genuine exception: let G ¼ hai Â hxi, where a has infinite order and x has order 2. Then ha 2 xi is characteristic in G but not contained in hai. Proof. Suppose that C ¼ P Â Q c ZðGÞ and P F Q F C p y for some prime p. As G is either abelian-by-finite or finite-by-abelian C has a near-complement in G (that is, a subgroup X such that both C V X and jG : CX j are finite). This implies that the cohomology class of the natural extension C ,! G ! ! G=C has finite order, necessarily a power q of p (see, for instance, [6, (2.5)]). As a consequence, every automorphism of C of the form 1 þ qe, where e A End C, can be extended to an automorphism of G acting trivially on G=C (see [6, (4. 3)]). Let a : P ! Q be an isomorphism. Let e A End C be defined by x e ¼ x a for all x A P and Q e ¼ 1. Then b ¼ 1 þ qe A Aut C, and b can be extended to an automorphism of G. Since ½x; b ¼ x qa for all x A P we obtain that Q c P a and jP [ j c q. This is a contradiction because G satisfies either P The preparations in the previous section will help us in describing abelian groups satisfying P a or P [ . We consider the periodic case first.
Lemma 2.1. Let G be an abelian group satisfying either P a or P [ . Set T ¼ tor G. Then (i) for all primes p the primary component T p of T is either finite or Prü fer-by-finite, and
(ii) for all but finitely many primes p the primary component T p of T is locally cyclic.
Proof. If H is a direct factor of a primary component of T and rkðHÞ > 1 then H contains a direct factor of G of rank 2. It follows that if either T has infinitely many primary components of rank at least 2, or at least one of them has infinite rank, then it is possible to construct a subgroup of G that is the direct product of infinitely many rank-2 direct factors of G, also satisfying the extra condition in Lemma 1.1 (b). Thus Lemmas 1.1 and 1.2 yield a contradiction. Hence T has finite rank and all but finitely many of its many primary components have rank 1 at most-thus we obtain (ii). By Lemma 1.6, G cannot contain two isomorphic Prü fer subgroups, hence also (i) holds. r Theorem 2.2. For a periodic abelian group G the following conditions are equivalent:
Finiteness conditions on characteristic closures and cores of subgroups(c) G has characteristic subgroups M and N such that both M and G=N are finite and every subgroup of G which either contains M or is contained in N is characteristic;
where F is finite and C is locally cyclic.
Proof. Each of (a) and (b) implies (d), by Lemma 2.1, and (d) implies (c): let M ¼ G½n, where n ¼ exp F , and N ¼ G n . Finally, it is obvious that (c) implies both (a) and (b). r Now we consider the non-periodic case. We begin with a very elementary observation.
Lemma 2.3. Let G be an abelian group and let x be an element of infinite order in G. Let fx i j i A I g be a set of elements of G such that for every i A I there exists l i A N such that x l i i ¼ x, and l i and l j are coprime whenever i 0 j. Then hx i j i A I i is torsion-free.
Proof. Let X ¼ hx i j i A I i, let p be a prime and let X p be the p-component of X . Since the integers l i are pairwise coprime X p hxi=hxi c hx i i=hxi, for some i A I . As hx i i is torsion-free, X p ¼ 1. r Lemma 2.4. Let G be a non-periodic abelian group satisfying either P a or P [ . Then G has a free abelian characteristic subgroup F such that G=F is periodic.
Proof. There exists a free abelian subgroup B of G such that G=B is periodic. If
=B is finite, of order t, say, and we set F ¼ ðB a Þ t . In each case F has the properties required. r Lemma 2.5. Let G be a non-periodic abelian group satisfying either P a or P [ , and let T ¼ tor G. Then (i) for every n A N the group G=T has a quotient of exponent n, and
(ii) every primary component of T is finite.
Proof. Let p be a prime. Then G ¼ T p Â U for some subgroup U, as follows from Lemma 2.
Then a induces on G :¼ G=T an automorphism which does not fix all subgroups of G. This is a contradiction, by Lemma 1.3. Hence U p < U. Now, U is an extension of T=T p , which is p-divisible, by G, hence the latter cannot be p-divisible. Since G is torsion-free and so G F ðGÞ p l for every positive integer l, it follows that (i) holds if n is assumed to be a power of p. The general case is an easy consequence.
Assume now that G has a Prü fer subgroup, say P F C p y . Then G ¼ T p Â U, as above, and since U has p-quotients of arbitrarily high exponent it follows that, for every n A N, there is a homomorphism e n : U ! P whose image has order p n and hence an automorphism a n of G such that ½T p ; a n ¼ 1 and u a n ¼ uu e n for all u A U.
Then U=U [ is infinite, and P c U a , because P ¼ 6 n A N ½U; a n . This yields a contradiction which, together with Lemma 2.1, proves (ii). r Theorem 2.6. Let G be a non-periodic abelian group. Then (a) G satisfies P a if and only if G ¼ T Â U for some finite subgroup T and some torsion-free subgroup U such that jAut Uj ¼ 2, and
with the extra condition that U=U n is finite, where n ¼ exp T.
Proof. Suppose that G satisfies either P a or P
[
. Let F be a torsion-free characteristic subgroup of G such that G=F is periodic (see Lemma 2.4), and let x be any nontrivial element of F . Assume that T ¼ tor G is infinite. Then, by Lemmas 2.1 and 2.5, the set of all odd primes p such that T p is cyclic and non-trivial is infinite. Write this set as f p i j i A Ng, where
generates ha i i, so a i A HH a i ; as H and H a i are torsion-free it follows that q i divides both jHH
Therefore both H a =H and H=H [ are infinite; this contradiction shows that T is finite. Now G splits over T, so G ¼ T Â U for some torsion-free U. Since every automorphism of U extends to G, Lemma 1.3 shows that jAut Uj ¼ 2. If G has P [ then HomðU; TÞ is finite by Lemma 1.5, hence U=U exp T is finite. Thus G must have the structure described in (a) or in (b), according to which of P a or P [ it satisfies. Conversely, let G ¼ T Â U as in (a). Then every subgroup of G containing T is characteristic in G, hence H a c HT for all H c G, thus showing that G satisfies P a . Also, if H c G and U=U n is finite, where n ¼ exp T, then H=ðH V U n Þ is finite. Now U n ¼ G n char G, and U n F U. Therefore every subgroup of U n is characteristic in U n and hence also in G. This proves (b). r
It is not hard to see that the groups described in (b) have only finitely many automorphisms. Therefore if G is a non-periodic abelian group satisfying P [ then Aut G is finite. The converse does not hold: there are torsion-free abelian groups with finitely many, but more than two, automorphisms. A detailed discussion of such groups is in [3, §116] .
There exist torsion-free groups U such that jAut Uj ¼ 2 and U=U p is infinite for every prime p; for instance they can be constructed as in [3, Lemma 88.3] (but also see [7, p. 281] ), by starting from an infinite rigid system of groups with two automorphisms only and extending their direct product with an elementary abelian group without elements of order 2. This shows that properties P [ and P a are not equivalent for mixed abelian groups, unlike what happens in the periodic case. What remains true in comparison with Theorem 2.2 is that an abelian group G satisfies P a (respectively P [ ) if and only if it has a subgroup N which is finite (respectively of finite index) and is such that every subgroup of G containing (respectively contained in) it is characteristic.
As a consequence, we have:
We shall see that this corollary holds for non-abelian groups as well.
p-groups with few automorphisms
For every prime p, every infinite nilpotent p-group G must have 2 jGj automorphisms (see [2] ). In the case when G is not abelian and has finite exponent this is an immediate consequence of the fact that the group of all automorphisms of G acting trivially on G=ðG 0 V ZðGÞÞ is isomorphic to HomðG=G 0 ; G 0 V ZðGÞÞ. In this section we shall construct a family of examples of p-groups of class 2 and finite exponent having no automorphisms other than these.
Theorem 3.1. For every prime p there exist countably infinite p-groups G of nilpotency class 2 and exponent p 2 such that G 0 ¼ ZðGÞ is elementary abelian of rank 3 and Aut G acts trivially on G 0 and on G=G 0 .
These groups are relevant in our context because they obviously satisfy P a (boundedly): in such a group G all subgroups containing G 0 are characteristic and H a c HG 0 for all H c G. Examples sharing some of these properties are constructed in [7, Proposition 3] .
Easier examples of non-abelian groups satisfying P a can be obtained starting from abelian groups with the same property. It follows from Theorem 2.2 and Theorem 2.6 that every extension of a finite group by an abelian group with P a still satisfies P a . As is clear, the groups in Theorem 3.1 are not of this kind. To construct a group G as in Theorem 3.1 we start with the 2-regular tree whose edges are coloured by three colours, indicated here by flags (or their absence):
Thus, every second edge has the no-flag colour; the flag-down colour appears at every second flagged edge on one of the two branches rooted on the vertex x 0 , and appears at every third flagged edge on the other branch. This coloured tree has no non-trivial automorphism; more than that, it is not isomorphic to any tree obtained by permuting the colours non-trivially and then applying an automorphism of the underlying (non-coloured) tree.
Fix a prime p and consider the variety V consisting of all groups V such that V 0 V p c ZðV Þ and V p 2 ¼ 1. We use the coloured tree just described to define the commutator relations of a group G A V generated by elements a, b, c and x i , where i ranges over the integers, and with the following extra relations: for all i; j A Z:
;
where each w i is a word in a, b, c and fA; B; Cg is the partition of Z defined thus: C is the set of all negative multiples of 6 and all non-negative multiples of 4; B is the set of all remaining even integers and A ¼ 1 þ 2Z is the set of all odd integers. Thus ½x i ; x iþ1 is a, b or c according to whether the edge joining x i and x iþ1 has the noflag colour, the flag-up colour or the flag-down colour respectively. It is clear that Z :¼ ha; b; ci ¼ ZðGÞ ¼ G 0 ; also, G can be realized easily as a quotient of a free group in V, thus showing that the elements x i are Z p -independent modulo Z and Z is elementary abelian of rank 3.
Our first claim is that, in such a group G, all subgroups hx i iZ are characteristic. Thereafter we will see that for some suitable choice of the power relations in (Rel) (that is, a choice of the words w i ) G has the property required by Theorem 3.1.
Throughout this section we consider fixed the notation used so far for G and later for its distinguished subgroups and elements as introduced. Every g A G can be written (uniquely) as
for some z A Z and integers l i A f0; 1; 2; . . . ; p À 1g, where all but finitely many of the l i are zero and the factors in the product are ordered according to the standard ordering of the integers. We shall often use this notation too.
i as in ð * Þ, and let r ¼ maxfi A Z j l i 0 0g. If r is odd, then ½g; x rþ1 ¼ ½x l r r ; x rþ1 ¼ a l r , so we may assume that r is even. Let s be the least even integer such that l s 0 0. Then l sÀ2 ¼ 0, hence ½x sÀ1 ; g ¼ ½x sÀ1 ; x Once this has been proved it is also easy to see that, still with reference to the notation in ð * Þ, we have b A ½g; G (respectively c A ½g; G) if and only if l i 0 0 or l iþ1 0 0 for some i A B (respectively i A C). For, if j A Z then ½g; x j ¼ ½x jÀ1 ; x j l jÀ1 ½x jþ1 ; x j l jþ1 , and one of ½x jÀ1 ; x j and ½x j ; x jþ1 is a (which is in ½g; G as long as g B Z), the other is either b or c depending on the value of j. By considering the various possible cases the claim is established. It follows that
We shall show that these subgroups are characteristic in G. Observe first that for all i A Z we have
Another pair of relevant centralizers, which certainly are characteristic, are
These equalities are checked as follows: C G ðY Þ is the intersection of the centralizers L iÀ2 R iþ3 of all subgroups hx i ; x iþ1 i where i ranges over C; this explains the first equality, and the second one is proved similarly. Now
and so, by arguing as for C G ðY Þ, we arrive at a key step:
Lemma 3.3. Let ðu; UÞ be one of ða; AÞ, ðb; BÞ and ðc; CÞ, and let i A U. Then each of L i and R iþ1 is the centralizer of the other modulo hui in G:
j , as in ð * Þ, and suppose that ½g; R iþ1 c hui. Let r ¼ maxf j A Z j l j 0 0g. Assume, for a contradiction, that r > i. Then x rþ1 A R iþ1 and ½g; x rþ1 ¼ ½x r ; x rþ1 l r A hui, hence r A U. Since i A U and U does not contain consecutive integers, this implies that r 0 i þ 1 and so x rÀ1 A R iþ1 ; moreover, v :¼ ½x rÀ1 ; x r 0 u. Then ½g; x rÀ1 ¼ ½x rÀ2 ; x rÀ1 l rÀ2 v Àl r A hui. However, this is impossible because v is linearly independent (over Z p ) from u and ½x rÀ2 ; x rÀ1 . This shows that r c i, that is, g A L i . On the other hand L i centralizes R iþ1 modulo hui, hence (i) is proved. The proof of (ii) is dual. r Lemma 3.4. For all non-negative integers i both L i and R iþ2 are characteristic in G. Therefore hx i iZ char G for all integers i d 2.
Proof. The second half of the statement follows from the first since hx i iZ ¼ L i V R i . To prove the first half, suppose that L i char G for some non-negative, even integer i.
shows that L iþ1 , the centralizer of R iþ2 modulo hai in G, is also characteristic. Now let K be that one of X and Y such that x i A K, and let
(we are using here the fact that i d 0) and one can see that
Since we already know that L 0 char G this is enough to prove the lemma. r A consequence of Lemma 3.4 is that hbi char G, since hbi ¼ ½hx i iZ; hx iþ1 iZ for any positive i A B. This allows us to use Lemma 3.3 in its full strength.
Lemma 3.5. For all integers i, the subgroup hx i iZ is characteristic in G.
Proof. Let i A Z and suppose that L i char G. Then R iþ1 char G, because of Lemma 3.3 and the fact that each of hai, hbi and hci is characteristic in G. Therefore L iÀi ¼ C G ðR iþ1 Þ char G. By an obvious induction argument it follows that all subgroups L i are characteristic, and the same is true of all
To complete the proof of Theorem 3.1 we have to make sure that it is possible to choose the words w i in (Rel) in such a way that ½Aut G; G c Z. There are many such choices, as the following lemma makes clear. 
This proves the result. r At this point the proof of Theorem 3.1 is complete. We may observe that if p ¼ 2 then any choice for the words w i in (Rel) yields a group G such that ½Aut G; G c Z, but this is not true of any other prime p. However, even for any odd prime, our construction gives rise to 2 @ 0 pairwise non-isomorphic examples. The following two remarks justify these comments.
Remark 3.7. Let p be an odd prime. Define G by letting, in (Rel), w i ¼ 1 for all i A Z. Then G has an automorphism defined by x i 7 ! x i if i is even and x i 7 ! x À1 i if i is odd, and z 7 ! z À1 for all z A Z. This automorphism does not fix hx i x iþ1 iZ, for any i A Z. Hence G does not satisfy the conclusion of Theorem 3.1. More than that, G does not even satisfy P a . Remark 3.8. The construction of this section provides, for each prime p, 2 @ 0 pairwise non-isomorphic p-groups G with the properties listed in Theorem 3.1. To prove this, suppose that G is a p-group defined as in this section, that is, on generators x i , where i A Z, a, b, c and relations (Rel) in the variety V, and let G be defined similarly, on generators x i , a, b, c in place of x i , a, b, c and by choosing words w i on fa; b; cg to replace the words w i . Suppose that y : G ! G is an isomorphism. Then, by repeating the arguments used above to show that various subgroups of G are characteristic, one can see that y maps each of Z, X , Y , L i and R i , for all i A Z, onto the analogously defined subgroup of G. Thus, if Z :¼ ha; b; ci, we have ðhx i iZÞ y ¼ hx i iZ for all i A Z, which implies that hw i i y ¼ hw i i (by considering pth powers); moreover hai y ¼ hai, hci y ¼ hci and hbi y ¼ ½hx 2 iZ; hx 3 iZ y ¼ hbi. This proves that, given a group G presented as in (Rel), if we replace some of the words w i with some w i A Z such that hw i i 0 hw i i then we obtain a group which is not isomorphic to G. Together with Lemma 3.6 this is enough to justify our remark.
Non-abelian groups with P

A
The examples of P a -groups described so far all share the property of satisfying P a (boundedly) for a very straightforward reason: each has a finite subgroup such that every subgroup containing it is characteristic. As we shall see there exist groups with no such finite subgroups, but satisfying P a for less obvious reasons: our characterization will show that they all satisfy P a boundedly nonetheless. As stated in the introduction, it also turns out that P a is equivalent to the seemingly weaker property P a a . Thus the general hypothesis will be that our groups satisfy P a a . Our strategy in studying such groups consists in finding information on the structure of the centre and the torsion part. The starting-point is the observation, already made, that the derived subgroup of a P a a -group G must be finite. Therefore the periodic elements of G form a subgroup. Another useful consequence is that G=ZðGÞ has finite exponent. This fact plays a key role in the proofs of this section. Also, G=ZðGÞ is residually finite. Better than that, we have: Lemma 4.1. Let G be a group satisfying P a a . Then ZðGÞ is the intersection of characteristic subgroups of finite index in G.
Since hxi a is cyclic-by-finite and finiteby-abelian, hence finite-by-cyclic, Autðhxi a Þ is finite and so G=C x is finite. Hence as ZðGÞ ¼ 7 x A G C x the result follows. r Therefore, if G satisfies P a a then every divisible subgroup of G lies in ZðGÞ. Thus Lemma 1.6 shows that G has at most one Prü fer p-subgroup for each prime p.
Lemma 4.2. Let G be a P a a -group. Then all but finitely many primary components of ZðGÞ are locally cyclic and the torsion subgroup of ZðGÞ has finite rank.
Proof. First we prove that for every prime p the p-primary component Z p of ZðGÞ has finite rank. To this end, assume that Z p has infinite rank for some prime p, let S be the socle of Z p and let L be an infinite subgroup of S such that S=L is also infinite. Suppose first that G has a subgroup M of index p and containing G 0 L. Let x A GnM. For every y A L there exists an automorphism of G centralizing M and mapping x to xy. Therefore L c hxi a , a contradiction. Thus there exists no such subgroup M, which amounts to saying that G=LG 0 is p-divisible. Let P=G 0 be the p-component of G=G 0 , so that P=LG 0 is divisible. Also, SG 0 =LG 0 F S=LðG 0 V SÞ has infinite rank, so P=LG 0 also has infinite rank. It follows that P p G 0 =G 0 is divisible of infinite rank. Since G 0 is finite this shows that P p has a divisible p-subgroup of rank 2, and this is impossible in view of Lemma 1.6. Therefore Z p has finite rank.
Suppose that p is a prime not in p :¼ pðG=ZðGÞÞ. Then Z p is a direct factor of G, because it is a direct factor of ZðGÞ. It follows from Lemmas 1.1 and 1.2 that there is a cofinite subset c of the complement p 0 of p (in the set of all primes) such that the c-component of ZðGÞ is locally cyclic. Since p is finite the lemma follows. r Lemma 4.3. Let G be a P a a -group. Then G has a characteristic subgroup V of finite index such that ZðGÞ c V and all subgroups of V containing ZðGÞ are characteristic in G. Also, G has a characteristic subgroup J containing ZðGÞ such that J=ZðGÞ is finite and all subgroups of G containing J are characteristic.
Proof. Assume that there is no such subgroup V , and let N be any characteristic subgroup of finite index in G containing ZðGÞ. Then N has an element x 1 such that
Then S=ZðGÞ is finite (recall that G=ZðGÞ is periodic) and S c N; by Lemma 4.1 and since G 0 is finite C N ðSÞ contains a subgroup N 1 which is both characteristic and of finite index in G, such that S V N 1 ¼ ZðGÞ. Similarly, N 1 has an element x 2 such that hx 2 i a G hx 2 iZðGÞ, and a subgroup N 2 which is of finite index and characteristic in G, centralizes hx 1 ; x 2 i a and is such that hx 1 ; x 2 i a V N 2 ¼ ZðGÞ. By iterating this construction it is possible to produce a sequence ðx i Þ i A N of non-central, pairwise commuting elements of G such that none of the subgroups K i ¼ hx i iZðGÞ is characteristic in G and the characteristic closures of these subgroups generate their direct product modulo ZðGÞ. This is impossible, because of property P a a . Thus we have proved the existence of V . The second statement follows easily: let T be a transversal for V in G and let J ¼ hTi a ZðGÞ; then J=ZðGÞ is finite, because G=ZðGÞ is periodic and hTi a ¼ hhti a j t A Ti is finitely generated. Moreover, G=J is ðAut GÞ-isomorphic to V =ðV V JÞ, so J has the required property. r
As we did in Section 2 for abelian groups, we shall discuss periodic and nonperiodic P a a -groups separately, starting with the periodic case. If G is a periodic group with a direct, coprime factorization G ¼ X Â Y , in the sense that pðX Þ V pðY Þ ¼ q, then there is a natural isomorphism between Aut G and Aut X Â Aut Y , so G satisfies P a a (or P
Lemma 4.4. Let G be a periodic P a a -group and let p ¼ pðG 0 Þ U pðG=ZðGÞÞ, a finite set of primes. Then G ¼ P Â A, where P is a p-group and A is the p 0 -component of ZðGÞ.
Proof. The p 0 -elements of G lie in ZðGÞ, hence they form a subgroup A. Since G=A is a p-group and A V G 0 ¼ 1, A has a complement in G and the result follows. r (a) A is an abelian group satisfying P a ; (b) P 0 is finite, and P has a Černikov subgroup J containing ZðPÞ such that the finite residual of J is locally cyclic and every subgroup of P containing J is characteristic in P.
If G satisfies P a a then it satisfies P a boundedly.
Proof. Suppose that G satisfies P a a . Let P and A be defined as in Lemma 4.4, so that G ¼ P Â A and pðPÞ V pðAÞ ¼ q. Moreover, both P and A satisfy P a a , hence (a) holds and P 0 is finite. By Lemma 4.3 there exists J c P such that ZðPÞ c J, all subgroups of P containing J are characteristic in P and J=ZðPÞ is finite. By Lemma 4.2 and since pðPÞ is finite ZðPÞ is a Č ernikov group, so J is a Č ernikov group. Its finite residual is contained in ZðPÞ, and thus (b) follows from Lemma 1.6.
Conversely, suppose that G has the structure specified. In view of the remarks preceding Lemma 4.4 and by Corollary 2.7, to prove that G satisfies P a boundedly it will be enough to prove the same of P. Let C be the finite residual of J; thus J=C is finite. Then C c ZðPÞ, because P 0 is finite; for the same reason P=ZðPÞ has finite exponent. Moreover, P=P 0 splits over CP 0 =P 0 , hence P has a subgroup K such that P ¼ KC and K V C is finite. Thus n ¼ exp K is finite, and also F :¼ J V K is finite. We may replace K with fx A P j x n A P 0 g (and then redefine n), to have K char P also. Let H c P. If kc A H 1 :¼ HF , where k A K and c A C then c n A H 1 , so c A S :¼ fx A C j x n A H 1 g and H 1 c KS. Note that jH 1 S : H 1 j ¼ jS : H 1 V Sj c n, as S is locally cyclic. Since C is characteristic and locally cyclic, S too is characteristic in P. We have
is finite. Thus every subgroup of P has index at most njF j in its characteristic closure (in P, therefore in G). Since this bound is independent of H the proof is complete. r
In Theorem 4.5 we can choose P and A in such a way that A is locally cyclic, as follows from Theorem 2.2. In this case all subgroups of G containing the subgroup J referred to in (b) are characteristic, not only those in P. Thus every periodic P a -group has a Č ernikov subgroup J such that H char G for all H with J c H c G. It can happen that no such J is finite. An example is given here.
where G is a p-group as in Theorem 3.1, for an odd prime p, and C F C p y . Then K satisfies P a and every finite subgroup of K is contained in some subgroup of K that is not characteristic.
Proof. That K satisfies P a follows from Theorem 4.5, as ZðKÞ ¼ CG 0 has the property required for J. Suppose that K has a finite subgroup F such that H char K whenever F c H c K. Let z be an element of C of order greater than exp F . Let fx i j i A Zg be the generating set used to define G in Section 3. For all i A Z we have hzx i iF char K. An automorphism of K is defined by letting g 7 ! g and h 7 ! h À1 for all g A G and h A C. It follows that z À1 x i A hzx i iF , hence x i A hzx i iF and there exists t i A N such that z t i x has the same order as z, which is impossible since it belongs to F . r
The non-periodic case is harder to deal with, and the description that we shall give in this case is less explicit than the one in Theorem 4.5. The key piece of information is the following.
Lemma 4.7. Let G be a non-periodic P a a -group. Then torðZðGÞÞ is finite and tor G has finite exponent.
Proof. Let T ¼ tor G and Z ¼ ZðGÞ. Since expðG=ZÞ is finite it is clear that exp T is finite if tor Z ¼ T V Z is finite, hence it will be enough to prove this latter fact. We begin by showing that G has no Prü fer subgroups. Suppose that C p y F P c G. Then G ¼ PK for some subgroup K such that P V K c G 0 . Let bars denote images modulo T. Since P c Z every homomorphism e : G ¼ G=T ! P gives rise to an automorphism of G, defined by x 7 ! xx e for all x A G, hence U e c U a for every U c K. If the abelian torsion-free group G is p-divisible then also Z is p-divisible, because G=Z has finite exponent. Then there exists S c TZ such that T c S and TZ=S F C p y . As TZ is a direct factor in G modulo S there exists e A HomðG; PÞ such that Z e ¼ P. But Z ¼ ðZ V KÞT=T, hence P c ðZ V KÞ a . If, instead, G is not p-divisible and x A GnG p then x has order p n modulo TG p n , for every n A N; it follows that P c hxi a . In each case we obtain a contradiction. Therefore T is reduced, and, in view of Lemma 4.2, to establish the lemma we only need to prove that pðZÞ is finite.
Let p be the set of all odd primes p A pðZÞnpðG=ZÞ such that the p-component Z p of Z is cyclic. By Lemma 4.2, and since G=Z has finite exponent, pðZÞnp is finite. To complete the proof we shall assume that p is infinite and derive a contradiction. For all p A p let ha p i ¼ Z p and note that G ¼ ha p i Â K p for some K p c G; let a p be the automorphism of G defined by a
If Z has infinite torsion-free rank, we can choose in it an (infinite) independent subset fx p j p A pg (here x p 0 x q if p 0 q). At the expense of replacing x p by a p x p where needed, we can also assume that x p B K p for all p A p, hence 1 0 ½x p ; a p A ha p i. Then S :¼ hx p j p A pi is a torsion-free abelian subgroup such that S a has infinite torsion subgroup. This contradiction shows that Z has finite torsion-free rank. Now let p A p and suppose that ZðK p Þ is p-divisible. The six-term homology sequence (see [9, Theorem V.2.2] ) shows that if X is a centre-by-finite group of finite exponent e then the Schur multiplier of X has finite exponent dividing e 2 . Hence the Schur multiplier of K p =ZðK p Þ has finite exponent, involving primes in pðG=ZÞ only. By the universal coe‰cients theorem ([9, §II.5]), the cohomology group H 2 ðK p =ZðK p Þ; ZðK p ÞÞ also has finite exponent involving primes in pðG=ZÞ only. Thus, as p B pðG=ZÞ, there exists n A N such that q :¼ p n 1 1 modulo the order of the cohomology class of the extension ZðK p Þ ,! K p ! ! K p =ZðK p Þ. It follows that K p has an automorphism inducing the identity on K p =ZðK p Þ and the mapping x 7 ! x q on ZðK p Þ. This automorphism extends to an automorphism of G that does not induce a power automorphism on G=T. This is a contradiction, by Lemma 1.3, hence ZðK p Þ is not p-divisible. Since torðZðK p ÞÞ is a p 0 -group this means that Z=tor Z F ZðK p Þ=torðZðK p ÞÞ is not p-divisible. Therefore, for every p A p we can choose g p A ZnTZ p . Next we prove that no element x of Z has finite p-height for infinitely many p A p; this is clear if x is periodic. Let x be not periodic and let c be the set of all p A p such that x has finite p-height. ] . In either case h yi ] has non-trivial p-elements. Thus S a contains elements of order p for all p A c, and this shows that c is finite, as claimed.
Going back to the non-periodic elements g p fixed earlier (where p A p), we are now able to define a sequence ðq i Þ i A N of (pairwise distinct) primes in p such that, for all i A N, the element g q i has infinite q j -height for all integers j > i. Since Z has finite torsion-free rank there exist n; m A N such that 1 0 g m q n A H :¼ hg q 1 ; g q 2 ; . . . ; g q nÀ1 i. But the elements of H have infinite q n -height, while g q n is not q n -divisible modulo T V Z. This is the final contradiction, and the proof is now complete. r For every group G let LG denote the set of all subgroups of G. If U c G we say that a mapping y : LU ! LG is join-preserving if hX j X A Si y ¼ hX y j X A Si for all S J LU.
Lemma 4.8. Let U c G, where G is an FC-group, and let y : LU ! LG be a joinpreserving mapping. If A y is finite for all countable abelian subgroups A of U then U y is finite.
Proof. Suppose that U y is infinite. Let H be a finitely generated subgroup of U. Then H y is generated by finitely many images (under y) of cyclic subgroups, hence it is finite. Moreover, U ¼ KC U ðHÞ for some finitely generated K c U, hence K y is finite and it follows that ðC U ðHÞÞ y is infinite. Suppose that we have chosen elements x 1 ; x 2 ; . . . ; x n A U such that H :¼ hx 1 ; x 2 ; . . . ; x n i is abelian and hx iþ1 i y G hx 1 ; x 2 ; . . . ; x i i y for all positive integers i < n. Then, since ðC U ðHÞÞ y is infinite, there exists x nþ1 A C U ðHÞ such that hx nþ1 i y G H y . This suggests how to construct an infinite sequence of elements of U generating a (countable) abelian subgroup A such that A y is infinite. Thus we obtain a contradiction; the result follows. r Theorem 4.9. Let G be a non-periodic group. Then G satisfies P a a if and only if one of the following holds:
(a) there exists F c G such that F is finite and H char G for all H such that F c H c G;
(b) both G 0 and torðZðGÞÞ are finite, ZðGÞ has finite rank and G has a subgroup J containing ZðGÞ as a subgroup of finite index such that every subgroup of G containing either tor G or J is characteristic in G.
Proof. Let T ¼ tor G and Z ¼ ZðGÞ. Let G satisfy P a a . We know from Lemma 1.3 that H char G for all H such that T c H c G, so, to prove that either (a) or (b) holds, we may assume that T is infinite. We can also assume that (b) does not hold; in view of Lemmas 4.3 and 4.7 this means that Z has infinite torsion-free rank. Let G :¼ C Aut G ðG=TÞ. Since Aut G acts on G=T by means of power automorphisms either Aut G ¼ G or jAut G : Gj ¼ 2 and every a A Aut GnG induces the inversion map on G=T. Define a map y : LG ! LG by setting, for each X c G,
Then y is join-preserving; moreover X y c T and
It is apparent that G y char G and Aut G acts on G=G y by means of power automor-phisms. Hence to prove that (a) holds it will su‰ce to prove that G y is finite and set F ¼ G y . If A is an abelian subgroup of G and tor A is finite then
which is finite because of P a a . Since exp T is finite by Lemma 4.7, there exists K c G such that G 0 ¼ K V T and G ¼ KT. By the previous remark A y is finite for all abelian subgroups A of K, hence K y is finite by Lemma 4.8 (applied to a restriction of y). Next, K V Z has infinite torsion-free rank, because Z=ðK V ZÞ is periodic. Let fa i j i A Ng be an independent set in K V Z (here a i 0 a j if i 0 j). Let A ¼ ha i j i A Ni, let B ¼ fb i j i A Ng be a countable abelian subgroup of T and S :¼ ha i b i j i A Ni. Then S is torsion-free abelian, implying that S y is finite, as is A y . Now B y c ðASÞ y ¼ A y S y , hence B y is finite. We can use Lemma 4.8 again to conclude that T y is finite. Therefore F :¼ G y ¼ T y K y is finite and (a) holds. Conversely, it is obvious that G satisfies P a boundedly in case (a). To complete the proof we only need to show that the same conclusion can be drawn from (b). Assume that (b) holds. As Together with Theorem 4.5 this result proves the Theorem in the introduction: P a and P a a , and also the property of satisfying P a boundedly, are equivalent. Our final remarks provide further examples of P a -groups. If T is any P a -group of finite exponent and U is an (abelian) torsion-free group of finite rank such that jAut Uj ¼ 2 then G :¼ T Â U A P a . For ZðTÞ is finite by Lemma 4.2, Theorem 4.5 (see the remark following it) implies that T has a finite subgroup J 0 such that all subgroups of T containing it are characteristic in T, and it follows that UZðTÞJ 0 has the property required for J in condition (b) of Theorem 4.9. If T 2 is infinite (which is the case, for instance, if T is isomorphic to one of the groups constructed in Theorem 3.1 when the prime p is odd) then no finite subgroup of G has the property required for F in Theorem 4.9 (a). In fact, suppose that F c T and all subgroups of G containing F are characteristic. Let 1 0 u A U and t A T; then tu À1 A F htui because F htui char G and G has an automorphism centralizing T and inverting every element of U. Hence tu À1 ¼ xt n u n for some x A F and n A Z. As x A T we have t ¼ xt n and u À1 ¼ u n . Therefore n ¼ À1 and t 2 ¼ x. Hence T 2 c F , so F is infinite. Thus we have more examples of groups satisfying P a for a non-trivial reason, which shows that condition (b) in Theorem 4.9 cannot be dismissed. By comparison, if we modify this last example by letting U have infinite rank, then certainly G does not satisfy P a unless T 2 is finite; this also follows from Theorem 4.9 and the above argument. A further variation is the following. It provides examples of groups of type (a) in Theorem 4.9 with possibly infinite torsion-free rank, in which T ¼ tor G is not a factor in a central decomposition of G. It also shows that, even in this case, it is not necessary that Aut G acts trivially on G=T: the groups obtained for p ¼ 2 have an automorphism centralizing T and inverting every element of U.
Example 4.10. Let p be a prime and let G ¼ T z U where T is a p-group isomorphic to one of the groups in Theorem 3.1 and U is an abelian torsion-free group such that jAut Uj ¼ 2. If TC G ðTÞ < G then G satisfies P a .
Proof. It is clear that T ¼ tor G char G. As we know from Section 3, Aut T is abelian; this implies that ½G; Aut G c C G ðTÞ. If, furthermore, ½G; Aut G c T then ½G; Aut G c C G ðTÞ V T ¼ ZðTÞ; as ZðTÞ is finite the result follows in this case. The only non-trivial automorphism of G=T is the inversion mapping. Now Aut T is a p-group, hence G=TC G ðTÞ is a non-trivial (by hypothesis) p-group centralized by Aut G. If p > 2 it follows that ½G; Aut G c T. Thus we may assume that p ¼ 2.
Since ðAut TÞ 2 ¼ 1 we have G 2 c C G ðTÞ. Then every automorphism of G inducing the identity (respectively inversion) on G=T also induces the identity (respectively inversion) on G=C G ðTÞ, and therefore on G=ZðTÞ. The result follows. r
